The maximum mass limits of neutron stars in scalar-tensor gravity is discussed and compared with the limits set by general relativity. The limit is parametrized with respect to the combination of the nuclear saturation parameters and the maximum sound velocity in the core. It is shown that, for smaller values of the sound velocity in the core, the maximum mass limit of the scalarized neutron stars is larger than that of in general relativity. However, for stiff equations of state with sound velocity higher than 79% of the velocity of light, the maximum mass limit in general relativity is larger than that of in scalar-tensor gravity. The results suggest that future observations of massive neutron stars, may constrain the maximum sound velocity as well as the coupling parameter in scalar-tensor gravity.
I. INTRODUCTION
General relativity (GR) is the prevailing theory for gravity. For hundred years has been tested in various astrophysical scenarios and its agreement with experiments and observations is remarkable. Still, most of GR's tests have been performed in the weak-field regime, e.g. in our solar system. Moreover, there exist phenomena, such as dark matter and dark energy (accelerated expansion of the universe) which do no fit well in the standard GR framework. At smaller scales, it is not yet clear if gravitational field is described by GR in the strong-field regime, for example around/inside a compact object. Thus, one might probe and/or verify the gravitational theory in strong-field regime via the astronomical observations of the phenomena associated with compact objects. In fact, several possibilities for distinguishing observationally the alternative theories from general relativity were suggested [1] [2] [3] [4] [5] .
Among the many proposed possibilities for testing the theory of gravity and understanding the physics of matter in the high-density region the bulk properties of relativistic stars (mass and radius) emerge as the top candidates. Actually, due to the nuclear saturation, the properties of nuclear matter in the high density region cannot fully constrained via the terrestrial nuclear experiments. As a result, several equations of state (EOSs) for neutron star matter have been proposed theoretically. However, the discoveries of 2M ⊙ neutron stars ruled out most of the soft EOSs, for which the maximum mass can not reach the observed 2M ⊙ [6, 7] . These observations led also to the so called "hyperon puzzle", see [8] [9] [10] . Detail studies in GR, demonstrated that the maximum mass of neutron stars depends strongly on the stiffness of the EOS [11] [12] [13] .
One of the most natural generalizations of GR is to include in the field equations an additional mediator -a scalar field Φ. These are the so-called Scalar-Tensor theories (STT) originated in the 1950-60's with the works of Jordan, Fierz, Brans and Dicke [14] [15] [16] [17] [18] . The study of compact stars in STT revealed a new phenomenon, that is, the so-called spontaneous scalarization [19, 20] . If a compact star is subject to scalarization its bulk properties can significantly deviate from those in general relativity. This phenomenon typically happens in the more compact models of neutron stars. In this case, the central density of the scalarized neutron star (ρ c ) should be relatively large such asρ c 2ρ 0 , whereρ 0 denotes the saturation density.
In this article we examine the maximum mass limit of scalarized neutron stars in scalar-tensor theory of gravity. For the neutron star models, we adopt a "phenomenological EOS" for the description of the low-density region (ρ 2ρ 0 ), proposed by Oyamatsu and Iida [21, 22] , which characterised solely by the nuclear saturation parameters [23, 24] . In the high-density region, there are many uncertainties regarding the appropriate EOS. Thus, we adopt a simple EOS, parametrized by the maximum sound velocity directly associated with the stiffness of the EOS, as in [11, 13, 25, 26] . The EOS for the low and high density are matched atρ = 2ρ 0 .
In the next two sections (II and III), we discuss the details of the scalar-tensor theory used in this work and we review the current understanding on the equations of state. In section IV, we present the results for the maximum mass of neutron stars in scalar-tensor theory of gravity and we demonstrate its dependence on the sound velocity, 2 the combination of the nuclear saturation parameters and the coupling constant of the scaler field. The results are discussed in section V.
We adopt geometric units, c = G * = 1, where c and G * denote the velocity of light and the gravitational constant, respectively.
II. NEUTRON STARS IN SCALAR-TENSOR THEORY OF GRAVITY
The form of the action describing scalar-tensor theory of gravity with one scalar field, ϕ, in the "Einstein frame" is given by
Here the quantities with asterisk are defined in the frame associated with the "Einstein metric" g * µν . That is, R * is the curvature scalar constructed from g * µν and g * is the determinant of g * µν , while G * is the bare gravitational coupling constant. S m is the action for the matter represented by Ψ m . Actually, Ψ m expresses all matter fields collectively. The field equations in the Einstein frame become simpler than those in the "Jordan" or "physical frame". Thus, one may work on the Einstein frame but compares the theoretical results with experimental or observational data derived/collected in the Jordan frame. The "Jordan metric"g µν , is related to the "Einstein metric" via the conformal transformation,g
Hereafter, the tilded quantities and quantities with asterisk will be respectively considered as the variables in the Jordan frame and in the Einstein frame. The variation of the action S with respect to g * µν and ϕ, leads to the following set of field equations in the Einstein frame
where T * µν is the energy-momentum tensor in the Einstein frame. T * µν is related to the physical energy-momentum tensorT µν via the relation
while T * and α(ϕ) are given by
In addition to the field equations (3) and (4), the energy-momentum conservation is expressed as∇ νT ν µ = 0 in the Jordan frame, or as
in the Einstein frame. This version of scalar-tensor theory for gravity in the limit α = 0 reduces to general relativity. For the conformal factor A(ϕ), we adopt the same functional form as in Damour and Esposito-Farèse [19] , i.e.,
which leads to that α = βϕ. The coupling constant β is a real number, and the spontaneous scalarization sets in for β −4.35 [20] . Notice that for β = 0, in this formulation, the scalar-tensor theory reduces to general relativity. For fast rotating neutron stars the spontaneous scalarization sets in for larger values of β. Actually, for rotating neutron stars in the break up or Kepler limit scalarization sets in for β −3.9 [27] . The so-called "dynamical scalarization" 3 may take place during the post-merger phase of binary neutron star systems as suggested in [28, 29] . In this case the scalarization may sets in for larger values of β. For such high values of β the equilibrium (or static) spontaneous scalarization found for spherically symmetric compact objects does not sets in. Actually, the constraints to β set by observations are quite severe. Observational data, from binary neutron star -white dwarf systems [30] , suggest that β −5. Typically, the sequences of neutron star models are constructed by integrating the modified Tolman-OppenheimerVolkoff equations assuming an appropriate EOS [2, 20] . In order to define the scalar field distribution, one has to choose an asymptotic value ϕ 0 for the scalar field, here we assume ϕ 0 = 0. Then, one may construct a one parameter (central density ρ c ) family of neutron star models by fixing the EOS and the value of β.
In the next section, we described the parametrized EOS adopted in this paper, for the study of the maximum mass limit of neutron stars in scalar-tensor gravity.
III. NUCLEAR SATURATION PARAMETERS AND EOS
As discussed in Lattimer [31, 32] , the bulk energy of nuclear matter at zero temperature can be expanded as a function of the baryon number density and the neutron excess, where the coefficients of the expansion are the nuclear saturation parameters. Actually, any EOSs can be expanded in a similar way, and as a result to be characterized by a unique set of nuclear saturation parameters. Several terrestrial nuclear experiments, set constraints in the values of the nuclear saturation parameters (see the discussion in Lattimer and Lim [33] ). Even so, the incompressibility parameter of symmetric nuclear matter, K 0 , and the density dependent nuclear symmetry energy, the so-called slope parameter L, are relatively more difficult to constrain from the experiments [34] .
Here, we assume that the nuclear properties for densities lower than ∼ 2ρ 0 are expressed solely via the nuclear saturation parameters. In fact, the neutron star models in general relativity with the central density in the range of ρ c 2ρ 0 can be described nicely with the combination of K 0 and [23, 24] . Thus, for the lower density region, i.e., forρ 2ρ 0 , we adopt the "phenomenological" EOS proposed by Oyamatsu and Iida [21, 22] . In this approach, the EOS is constructed for values of K 0 and L that are in agreement with the experimental data [35] . Here, we adopt the same sets of the nuclear saturation parameters as in Ref. [13] . Actually, the values of K 0 and L obtained from the terrestrial experiments are K 0 = 230 ± 40 MeV [36] and 30 L 80 MeV [34] , respectively. These experimental constraints suggest that the allowable values for η lie in the range 55.5 η 120 MeV.
The composition of dense nuclear matter in the high density (deep interior) of neutron stars is still largely unknown. A better understanding of the composition of nuclear matter at the highest densities has important implications not only in nuclear physics, but also in relativistic astrophysics, as it is connected to the conditions for equilibrium and the onset of dynamical and secular instabilities of neutron stars. In the last fifty years a number of EOSs have been proposed, which are based on the various nuclear interactions, nuclear theory, and compositions. A fundamental upper limit for the high density region of neutron stars comes from the demand that the sound velocity should be smaller than unity (velocity of light). An obvious lower limit can be set by the condition that the sound velocity should be larger than zero for thermodynamical stability.
An approximate parametrization of the stiffest EOS is given byp =p t +ρ −ρ t . Herep t is the pressure at the transition density,ρ t , determined from the well understood EOS in low density region. Moreover, it was conjectured that the maximum sound velocity should be less than c/ √ 3 [37] . This assumption was used for the study of the neutron star maximum mass limit assuming, for the higher density region, a parametrization for the EOS of the formp =p t + (ρ −ρ t )/3. Here we adopt a similar parametrization in the study of the maximum mass of neutron stars in scalar-tensor gravity. More specifically we assume :
wherev s denotes the maximum sound velocity in the high density region of the neutron star. This parametrized high-density EOS is matched to the "phenomenological" EOS for the lower density region atρ t = 2ρ 0 . Furthermore, we adopt a quite wide range of values for the sound velocity, more specifically we consider 1/3 ≤v 2 s ≤ 1. The aforementioned assumptions lead to a parametrized study of the maximum mass limit of neutron stars in scalar-tensor theory. More specifically the low density regime will be parametrized by η, the high density regime bȳ v s while the effect of the scalar field will enter via the coupling-parameter β.
IV. THE MAXIMUM MASS LIMIT OF NEUTRON STARS IN SCALAR-TENSOR GRAVITY
We studied two characteristic sequences of neutron star models in general relativity and in scalar-tensor theory of gravity using the parametrization described earlier. More specifically, the two sequences, of ADM mass versus radius, are presented in Fig. 1 , where the parametrization was done with respect to η. The solid lines correspond to general relativistic results while the dotted and dashed lines correspond to sequences of neutron stars in scalar tensor theory with β = −4.6 and −5.0 correspondingly. The three panels, parametrized with respect to the sound velocity, which was chosen to bev 2 s = 1/3, 0.6, and 1.0. Finally, the filled end empty marks correspond to the maximum mass models of the sequences. It should be noted, that the stellar models in the STT are the identical to the GR ones for the smaller mass models. In the models of Fig. 1 scalarization takes place for masses ∼ 1.4M ⊙ . The three sequences tend to merge again for models with larger masses. In the later case, the more massive stellar models in STT are approaching those of GR and scalarization does not takes place.
In the left panel of Fig. 1 , we observe that for small values of the sound velocity the maximum mass limit of the scalarized neutron stars is larger than the corresponding limit in general relativity. This is a quite well known result from earlier studies [3, 20] . As the value of the sound velocity increases the maximum mass limit in GR increases faster and forv 2 s ≈ 0.6 the two sequences have the same limit in both theories. Moreover, for larger values of the sound velocity the general relativistic sequence has a larger maximum mass limit. Actually, from this last case, one may draw an additional conclusion. That is, if the sound velocity is extremely high then even if the true theory for gravity is the STT, the neutron star models with the maximum mass will not be scalarized, and the maximum mass limit will coincide with the prediction of general relativity.
In general relativity, the dependence of the maximum mass on the parameter η, was extensively discussed in [13] , were also fitting formulae have been derived. Here, we extent this study by taking into account the dependence of the maximum mass limit on η for scalarized neutron star models. More specifically, the results for fixed value of the coupling parameter, β = −5.0, for scalarized neutron stars are presented in Fig. 2 . Three sequences of scalarized neutron star models were generated. They were parametrized by the sound velocity,v 2 s (=1/3, 0.6, and 1.0). It is quite remarkable that all three sequences demonstrate that the ADM mass depends linearly on the parameter η. Interestingly, the maximum mass dependents solely on η and not on the individual values of the nuclear saturation parameters y and K 0 [35] . In Fig. 2 the plausible range for η (55.5 η 120 MeV) is shown with the stippled region.
The linear fitting of the maximum ADM mass as function of η is of the form:
where a 1 and a 2 are appropriate coefficients depending onv 2 s and β. Furthermore, we find that the numerical results can be easily fitted via the following relations
The fitting formulae (11) - (13) lead to a unique parametrization of maximum neutron star mass in scalar-tensor theory for a given coupling constant β (here we assumed β = −5). This parametrization is depicted in Fig. 3 . More, specifically in Fig. 3 the maximum mass limit is plotted as function of the sound velocity for the plausible range of values for η (= 55.5 -120 MeV) described earlier. In this figure the main feature presented in Fig. 1 specifically, for small sound velocity values scalar-tensor theory allows for larger maximum mass models. As the value of the sound velocity increases general relativity allows for larger maximum mass models than scalar-tensor theory. Actually, there is set of critical values forv The results in Fig. 3 show that, in the limitv s → 1, the maximum neutron star mass in scalar-tensor gravity, for β = −5.0 and for plausible values of η, is ≃ 2.8M ⊙ . This upper limit suggests, that if non-rotating or slowly rotating neutron stars observed with masses exceeding this limit, they will be non-scalarized even if the scalar-tensor gravity for β ≥ −5 is the correct theory of gravity in strong-field regime.
As it was shown in [13] , in the general relativistic framework there is a difficulty in explaining the observed masses of PSR J1614-2230 and PSR J0348+0432 under the assumption that the maximum sound velocity in the core is smaller than c/ √ 3 [37] . However, at this range of sound velocity values, scalarization allows for neutron stars with masses even larger than the observed ones. In fact, by considering the scalar-tensor gravity with β = −5.0, one may explain the lower mass limit constrained by observations for PSR J0348+0432 for a wide range of plausible values of η. On the contrary, if one considers more massive neutron stars, such as J1748-2021B with M = (2.74 ± 0.21)M ⊙ [38] , then even if scalar-tensor gravity is the correct theory of gravity in strong-field regime, such an object is will not be scalarized. Such an observation will, set, in addition, an upper limit for the possible maximum sound velocityv s . According to Fig. 3 the critical sound velocity should bev 2 s 0.77, which corresponds to the intersection of the upper broken line and M ADM ≃ 2.8M ⊙ .
V. CONCLUSION
We examined the maximum mass limit of neutron stars in scalar-tensor gravity. A phenomenological EOS was adopted for the lower density part of the stars and a stiffest EOS for the higher density region. The two EOS were matched at the point where the density was twice the saturation one. The low density EOSs was parametrized with respect to a combination of the nuclear saturation parameters (η) while the EOS for the high density was parametrized with respect to the maximum sound velocity (v s ). Under these assumptions and for fixed value of the coupling constant β empirical relations were derived for the maximum mass of the neutron stars in scalar tensor theory. The empirical formulae express in a unique way the maximum ADM mass limit as functions of the two parameters of the study i.e. η andv 2 s . The study shows that, for lower values ofv 2 s , the maximum mass limit of scalarized neutron stars is larger than that of neutron stars in general relativity. As the sound velocity increases and especially for values larger than the critical valuev 2 s ≈ 0.62 − 0.64 the maximum mass limit of the scalarized neutron stars is lower than that of general relativity. This shows that even if in the strong field regime, scalar-tensor theory is the true theory of gravity, for the stiffest of the EOS, the neutron stars will not be scalarized.
Moreover, the maximum mass allowed by scalar-tensor theory was also derived. Since observations suggest β ≥ −5.0 and the maximum mass decreases as β increases the limits set here for the maximum mass of scalarized stars could be considered as the maximum mass allowed by the theory.
Another conclusion that maybe drawn from Fig. 1 is that not only the mass but also the radius depends strongly onv 2 s both in GR and in STT. Actually, the dependence of radius onv 2 s is even more pronounce. This potentially may affect the constraints that will be set by observations on the radius and the EOS if the correct theory of gravity is not taken into account. Thus future attempts in constraining the EOS should consider the possibility that GR may not be the prevailing theory for gravity. On the other hand further constraints on β from independent observations might reduce even further the parameter space for which scalarization is possible. Still, as it was shown in [39] , for fast-rotating neutron stars, the scalarization is possible for a wider range of values of β. As a result, even though the non-rotating models of an EOS are not scalarized or the scalarization is so small that it is not observable the rotating models of the same EOS will be scalarized for a certain range of values of β and of the central density. This leads to the following scenario, if the scalarization is not important or pronounced for non-rotating stars then one may use the observations of slowly rotating neutron stars to constrain the EOS and then test the theory of gravity via the fast rotating models of this EOS. This calls for extension of the present study to fast rotating scalarized neutron star models.
The approach used here can be applied in the study of neutron stars in other alternative theories of gravity, e.g. variations of F (R) gravity [39] [40] [41] [42] . In all these theories the maximum mass limit is expected to depend in a similar fashion on η,v 2 s , and the coupling parameter(s) of the theory.
